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An introduction to the 
fundamental concepts and 
applied tools of machine 
learning targeted to scientists.  

In this class, we will focus on 
deep neural networks that can be 
trained to perform a wide variety 
of tasks including image 
recognition, pattern identification, 
and natural language processing, 
and discuss how these basic 
techniques can be applied to 
problems in physics, ranging from 
the prediction of material 
properties, the analysis of high-
dimensional data sets, and to the 
discovery of phase transitions. 

Special Topics in Physics: 
Introduction to Machine 
Learning
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FIG. 1. FCL neural network. An illustration of our neural net-
work architecture which consists only of FCLs. The input G(iωn)
is an array of complex numbers. Re[G(iωn)] and Im[G(iωn)] are
arranged as a 1D array to be inserted into the neural-net input. The
dropout layers are located in between all the FCLs to reduce the
overfitting of neural networks (not shown). The green box represents
the output layer of A(ω). The blue neural network lines are the
schematic representation of activated connections.

The FCL continuation results are shown in Fig. 2(c). The
blue-solid and purple-dashed line corresponds to σ = 0 and
σ = 0.005, respectively. It is clearly noted that the continued
spectra are not smooth and significantly deformed in com-
parison to the ideal black line. This result demonstrates the
challenging nature of the problem. At the same time, however,
we also note that the overall shape of spectrum is captured by
our FCL neural network although the unexpected wriggles are
found, and they become worse as the noise level increases. We
emphasize that this level of performance is hardly achievable
through the direct matrix inversion of Eq. (2). This promising
aspect is largely attributed to the “dropout” and the regulariza-
tion procedure which prevent overfittings [73]. In this regard,
while not satisfactory at all, our FCL result shows a possibility
of neural network approach for the analytic continuation.

B. Convolutional neural network

Many techniques have been suggested to overcome the
deficiency of FCL. One key idea is to identify the es-
sential features of a problem and to reconstruct them in
a higher dimensional space [35,43]. Principal component
analysis (PCA) [74,75] is an example which proved to be
powerful for data compression and dimensionality reduction.
Unfortunately, however, PCA can only be used in rank 1
(vector) and rank 2 (matrix) for most of the cases. While some

FIG. 2. Analytic continuation result of FCL. The input Green’s
functions and the output spectra calculated by the FCL neural
network kernel (without CNN layer). (a), (b) Re[G(iωn)] and
Im[G(iωn)] are presented in (a) and (b), respectively. The blue
curves are generated from the ideal spectrum shown by the black
line in (c). The purple lines show the noised input G(iωn)in

noise with
σ = 0.005 (see the main text for more details). (c) The calculated
spectral functions are presented by blue-solid (σ = 0; noise-free)
and purple-dashed curve (σ = 0.005) in comparison to the ideal
spectrum (black-solid line).

techniques for tensor PCA have been proposed, they seem
to need further developments [76– 79]. A typical fundamental
limitation of PCA is that each principal component is given
by a linear combination of original variables, whereas nonlin-
earity is essential for ill-posed problems [80]. In this regard,
CNN is a useful advanced technique leading the modern
machine-learning era [11,44,46,55– 57]. The performance of
CNN image processing surpasses the human-designed algo-
rithms based on “domain knowledge” [44,55]. Due to its
outstanding feature selection in tensor space, CNN is widely
adopted by high-dimensional noise filters for autoencoder and
sound/video data [58– 60].

In analytic continuation, input/output data are represented
by a certain set of numbers. Thus it can be regarded as an
inverse problem that has to be performed within a dimen-
sion corresponding to those numbers. With this observation,
we applied CNN technique to the long-standing ill-posed
problem of analytic continuation. Figure 3 shows our neural
network structure. We aim to create a minimal model with the
smallest possible number of layers. Thus our neural network
is designed to contain CNN layers in between two FCLs since
we learned in the above that three FCLs could capture the
basic features of spectra. While it is conventional to have CNN
layers just next to the input layer in the image processing (e.g.,
AlexNet [44], VGG [56], GoogleNet [46], and ResNet [57]),
we take a different strategy of inserting the CNN layer after
the matrix operation through FCL. It is because the full
information of input Green’s function needs to be utilized in
our problem. The total number of parameters in our neural net-
work is ∼600 000 and ∼500 000 for including and excluding
CNN, respectively. It is noted that the network size is not
much increased by having CNN layers. We have adopted a
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