Bogoliubov Transformation, Group Structure

Any F-even unitary matrix in 2M will correspond to some Bogoliubov
transformation. The set of such matrices forms a group (a subgroup

of the unitary group of degree 2M)

FAL A F = (.7:./41]:) (fFAzf) — AIAE - (AIAQ)*

Let us now make a unitary rotation of all matrices A and define:

B=UAUT

with

Consequently, matrices B are real and
O(2M) group - orthogonal group in 2M

B

1
orthogonal! They form the



O(2M) can be decomposed into SO(2M) (subgroup of orthogonal
matrices with Det=+1; proper orthogonal matrices) and a subset of
orthogonal matrices with Det=-1 (improper orthogonal matrices). The
corresponding Bogoliubov transformations will be called proper and

improper, respectively

Any element of SO(2M) can be represented as

B = exp(G)
where G is real and antisymmetric:
G"' = -G
G- =g
Ofcourse, Det(B) = exp [I'r7(G)] =1

Any improper matrix can be expressed as a product of a proper
matrix and one (selected) improper matrix.

Proper Bogoliubov Transformations
Any proper Bogoliubov matrix transformation can be represented by
A = exp(i))

yr. =Dy
FYF = =Y
A=UTBU Y=—-iUTGU FIYF=-Y"

where

Note that Y is F-odd




Bogoliubov Transformations in the
Fock space

A hermitian and F-odd matrix in 2M can be represented by an operator
acting in the Fock space:

A 1
Y = 5 ;yklczcl

in the Fock space

Hermitian operator
but is not. Why?

Looks like one-body }

Expressing Y explicitly in terms of a* and a, one can write

where

Yt =Y

Xt = -X
Y Lot + 4+ + 1 1
Y = Z inau a, +Yua;a, + iXuvauav - éTi‘(Y)
Uy

The most general hermitian operator involving all pairs of creation
and annihilation operators



For any proper matrix Bogoliubov transformation
A = exp(i))

one can find a Bogoliubov transformation in the Fock space

A = exp(iY)

such that
AcAt = Ate=+
Proof
exp(D)Eexp(—D) = E + i 2i[Ds[D,...[D,E].. ]]n,
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Ac, AT = Z (exp(—tY)), .k Ck = Z.A:;kck

I

LAY

The Bogoliubov transformation in the Fock space takes us from the
old fermion operators to quasiparticles

Aaj;l ...a:‘1|0) = azl ...aZA|<I>).

@) = Al0)

Note that the Bogoliubov transformation is linear in a* and a.
This guarantees that the Wick’s theorem holds for all the vacua |®)
obtained from the real particle vacuum |0)




Improper Bogoliubov Transformations

Consider the hermitian and unitary operator

AW = al +a,

AW gt A+ — { —a) forv#p

a, forv=yp.

We see that A is the Bogoliubov transformation in the Fock space.
The corresponding matrix transformation can be written as:

AW _ —1 forv=v'#pu
vv! 0 other cases,

B _ 1 forv=v'=pu
v’ 0 other cases.

(w)y _ |:> improper Bogoliubov
Det(-A )_ 1 transformation

All improper Bogoliubov transformations can be written as

= exp(iY)AW
exp(iY) A

A
A



Let us introduce the particle-number-parity operator:

#n = exp(irN)

The operator eiY does not change parity m and A(“) changes it.
Consequently.

det A = £1 < 'fTN/i — :f:fi'ﬁ'N

* Proper Bogoliubov transformations
conserve the particle-number-parity

 Improper Bogoliubov transformations
change the particle-number-parity



Product States -summary

* The simplest states in the Fock space that obey Wick’s
theorem. (It is easy to calculate expectation values of
operators in product states!)

« Correspond to vacua of quasi-particle operators o,

 Form a complete set in the Fock space

* They are eigenstates of one-body operators. (Describe non-
interacting fermions)

« Can be used in perturbative calculations

 All product states can be written in a form

|(I)>even . 29 1
D). 44 = exp(zY) al 0).
[P)even = exp <% ZyszZCz) 0)

= exp (ZZ { X arar +Y,aa, + 1Xuvauat/} TrY) |0)

uv

A parameterization of a product state... What is the number of
parameters?

X' =-X = M(M —1) real parameters
YT=Y = M? real parameters

In reality, it is enough to use only M(M-1) real parameters!



Ring and Schuck theorem

Every even-particle-number product state can be written as

D) even = e'? €eXp % Z T:uaz_a_ui- T Tﬂ»uaua’u} 0)
v

where T — T

(there is no need to introduce Y-matrices)

Thouless theorem (1960)

Every even product state, non-orthogonal to |0> can be uniquely
written in the form:

1
|q)>even = N exp _é Z Z;_uaza'j— |0>
Qv

7zt = -2

normalization
constant

Thouless
matrix

cos(TTT)2 = (14 272)~1/2



Generalized coherent states

1Z —exp( ZZZVaZaj> 0)

A product state in the Thouless representation but not normalized

(Z|O> — 1 a phase convention...

Onishi Theorem

(Z'\Z) = det?(1 + Z2'Z%)



Density Matrices

n 1
puv = (®lagau|®) = afa,
K = (Pla,a,|®) = a,a,

pT = p,
kI = —&

In principle, by measuring various one- and many-body observables,
one can extract the whole density matrix.

(2IF|2) = > Fuwpu = TeFp

1 1
(@IFI@) _ Z F,up, 7 (zpuupup, + - 4 Iu’{/u’u)

pp' vy’

In terms of the matrix Bogoliubov transformation:

p = B*BT,

k = B*AT
The conditions

p’+rrT = p,

pk—Kkp~ = 0

is equivalent to the unitarity conditions between matrices A and B.



