Fock Space: Second quantization representation

Let us define the creation operators acting on the vectors in
the Fock space:
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a,—i— takes us from 'HA to HA+1

By calculating the scalar product of a:q)ul---z/A

with an arbitrary state @#l...#md it is easy to show that, for

auE(aZ)+
C 0 it e {u})
a, P ., =<
B A (_1)"”’1(1)#1...M_lukj_l...um‘lifM=Mk

\ T

u is absent!

Qu takes us from Ha+1 to Ha

... thus is called an “annihilation operator”
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Similarly, for v=u, and v#u, one obtains
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For v=u=u,:
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{a:[, aj} =0
{ay,a,} =0 (1)

{aZ,au} = Opv
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Consequently, (a; )" =0, (a.)” =0
(The Pauli Principle!)

In addition, we have to consider a case of the vacuum vector:
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The Fock space defines @ and a !l

But...
...the Fock space can be defined through atand @ M
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Namely, given a set of M operators a,

and @, that meet
the anticommutation rules (1) in a given Hilbert space, and

assuming that there exists a vacuum state IO) , such that

a,l0) =0  foranyu



... one can show that the set of states
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where A=0,1,...,M, is a basis of a space that is isomorphic with

the Fock space, that is:
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The vectors |,u1 v ,LLA> form a basis in the Fock Space (or,

more precisely, a basis of the representation of the Fock Space),

which is called the second quantization representation.



Properties of the vacuum

1. For a given set of creation and annihilation operators
acting in a Fock space, there exists only one vacuum.

Proof: let us assume that in addition to [0}, (0|0) = 1,
there exists another vacuum |0’>, (0’|0’) =1,

such that au|0,> = ( for any u. Of course,

(0'la}, af, ---a},[0)=0 (A=1,2,--- M)

If <O’|O) — () then the vector |0'> is orthogonal to all

the vectors in the Fock space; hence, it has to be a zero vector.
Consequently, (0’|0) # 0.

Let us, therefore consider the vector |0") — (0’]0)|0)

that is orthogonal to |O) and is also a vacuum. Hence, it has

to be a zero vector. Thus, finally,

07) =(0°|0)[0)

a phase...



