There exist many representations of the Fock space !

Homework: Assuming that (0|0) = 1 show that the

state vectors in the second quantization representation

aa - a,:;‘1 |0)  are orthonormal.
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2. Existence of vacuum

If Qu,Qu, * - Auy, # 0 then there exists a vacuum state.

|O> = Namauz Tt Ay |\I’>
a,|0) =0 forany u.

3. Unitary transformations in the Fock space

Let us assume that in a given Fock space there exist two
sets of creation/annihilation operators together with the
corresponding vacua:

{a;::a';—} - {a;ual/} =0, {a#,aj = 5pzz ; ap|0a> =0
{a;—:a;} - {auaau} =0, {a;na;— = é;w y aulO(_t) =0

There exists one and only one unitary transformation between
these two sets.



Let us introduce two orthogonal bases:

a,, ...a, |0,) and o ...a;, [0)
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The transformation operator that takes us from one basis to
another must be unitary:

Ua™ ...aL|Oa) = al’l ...aIA|Oa)

1

Or, equivalently:

(Ua:lf]*') (Ua U+) Ul0g) = af ...af

I-Ll"' HA

As this must hold for any set of indices, one gets:
UQZU-i- — a;r and U|Oa> — |Oa>

One can thus conclude that all sets of creation/annihilation
operators can be obtained through unitary transformations of
one set a;f and their vacua are unitary transformations of |0)

Is this transformatjon univocal? Assume that there are two such
transformations U; and {7,

Ula UF=af , 01]0,) = [04)
ha Uy =af , Uaf04) = [0a)
Let us no introduce the operator Uy = U, U,
Guai 05 —ai + Oal0) = 102
Therefore (3'3 =1 e, U,=U,



Another important observation is that any non-zero vector |¥)
in the Fock space represents a vacuum for some set of
creation/annihilation operators.

Ul0) = |¥)

Example: quasiparticle vacuum



Second quantization representation for the operators in the
Fock space

Let us first define the particle number operator: fi’,, =aa,

JL"irul/-/fl .o lh&) = nulul .o ,UA>:

n, isequalto1if veE {M} and O otherwise. It is called
occupation number. These occupations define the so-called
occupation number representation of the Fock space:

Iy ...nar) = (7)™ ... (a3,)™|0)
The total particle number (or fermion number) operator is:
M M
N = Z N, = Z a;a,
rv=1 r=1

Nlps...pa) = Alps ... pa)

Another useful operator:
M M

Po=T[(1-%)=T[(@-aa)  By=10)0

=1 rv=1

It projects out the vacuum configuration

What is the form of operators in the Fock space?

. 2" In the second quantization
F= Z Fran(n| representation, an operator acting
= / in the Fock space can be written
as a sum of products of creation
matrix element of operator and annihilation operators!

in the Fock space



Let us consider a k-particle operator acting in an A-particle
subspace of the Fock space ( A > k). In the coordinate
representation, this operator can be written as:

a function or integro-
differential operator

Let us now calculate the matrix element:

/dxl « e dIL‘Aq’:‘L#x (:E]. c e ,.’E_:l)F@,/l.__y'_.‘ (:E]_. « e ,.’E‘Q)

— A1 /d.l:l ...dTa 2:(—].)17@:;!1 (.El) - ¢:'1 (.131)
M

In the above expression, we can immediately integrate over
A-k variables

Fp1...u;\-1/1...1/,\- = /(iﬁl ‘e dwl\"q’#l,,,ul\.Fq)ul...u;\-

Antisymmetrized matrix element

Fpl...ul\-ul...u“ :/dﬁldﬁh'qb:](xl)@:h (wh’)

The summation over all permutations gave A! identical terms
that cancelled out the normalization factor!



Examples

a) One-body matrix element
Fu = [ &06,@)f@)6.(
b) Two-body matrix element

Fupvw = f dzdz' ¢, (x)¢;. (2) f(z, z")
X (¢, (z)0, (z') — & (z)by (2'))
In the second quantization representation, a k-body operator

is completely determined through its antisymmetrized matrix
elements:

P — —2 E - o
F e (K!) F;Lla-;pl\.l/:-;ll/}\- a’ll: L I a"l}\_ atjl\. - " a‘ljl
1o KV VK

Examples

a) One-body operator

F = E Fa;a,,

v

b) Two-body operator

~ 1
1 + +

F = I v @y @ Gyt Gy,
4 b [T a7

v’



